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Recall that a 3d N = 4 gauge theory involves a compact connected Lie group G and
a representation of G on V = (T ∗C)N preserving its hyperkähler structure. Associated to
G is a vector multiplet whose fields are (Aµ, ϕ, σ) where Aµ is a connection on a principal
G-bundle, thought of as a g-valued 1-form, ϕ is a gC-valued function, and σ is a g-valued
function. Associated to V is a hypermultiplet whose field are Xi, Yi, 1 ≤ i ≤ N .

There are also coupling parameters ga, G =
∏
Ga where Ga are the simple factors of G,

mass parameters m,mC in the Cartan subalgebra hH of GH acting on V , and FI parameters
t, tC in the complexification hC ⊗ C of GC acting on V .

Recall also that the classical equations of motion are dW = dh = 0 where W is a complex
superpotential built out of the above and moment maps and h is a real superpotential built
similarly. The Higgs branch of the moduli space of classical vacua is the hyperkähler quotient

M0
H = {σ = ϕ = µC

G = µG = 0}/G = V///G (1)

which is a hyperkähler cone of complex dimension 2N−2 dimG, and the Coulomb branch
is

M0
C = {X = Y = 0} = (R3 × S1)rank(G)/WG (2)

of complex dimension 2rank(G). The Higgs branch receives no quantum corrections, but
the Coulomb branch receives quantum corrections to its topology and metric.

At low energies, the theory becomes a conformal field theory whose moduli space has at
least two branches, a Coulomb branch and a Higgs branch, that meet at the origin. Other
mixed branches occur at points where the moment map vanishes and the action of G has
nontrivial stabilizer G′. In these branches the fields σ and ϕ can take nonzero values in g′.

In the presence of enough supersymmetry, there is something called a chiral ring consisting
of local operators invariant under some of the supersymmetry. In 3d N = 4 chiral rings come
in two types. One of them parameterizes holomorphic functions on the Higgs branch, and
another parameterizes holomorphic functions on the Coulomb branch. The Higgs branch
chiral ring C[M0

H ] involves X, Y . The Coulomb branch chiral ring C[M0
C ] involves gauge

invariant polynomials in ϕ as well as monopole operators.
In an abelian theory are formed out of the σ and the dual photons γ. More generally

they are local operators specifying a singularity at a point obtained by embedding a U(1)
(monopole configuration) into G; these correspond to coweights of G. t’Hooft operators and
Hecke correspondences are defined similarly.

(Some questions and answers happen around here that I didn’t catch at least one half of.)

All of the above is m = t = 0. If m = 0 and t 6= 0, then the Higgs branch is resolved /
deformed, and the Coulomb branch becomes massive and there is now a single vacuum at
the origin. At low energies the gauge theory becomes well-approximated by a sigma model
with target MH .

If m 6= 0 and t = 0, then the opposite is true: the Coulomb branch is resolved / deformed,
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and the Higgs branch becomes massive. At low energies the gauge theory becomes well-
approximated by a sigm amodel with target MC .

The most interesting case is if m 6= 0 and t 6= 0, then we get a fully massive theory. The
number of vacua is finite and massive: we can have fixed points of a U(1) ⊂ GH action on
MH or fixed points of a U(1) ⊂ GC action on MC . Now we scale the parameters via

(m, t) 7→ (λm, λ−1t) (3)

and as λ → 0 we get a very lightly massive theory which is a sigma model with target
MH , whereas as λ→∞ we get a sigma model with target MC .

Example Let G = U(1) acting on T = (T ∗C)N where (Xi, Yi) have weights +1 and −1
respectively under the U(1) action. Since we are in the abelian case, we can turn the
connection Aµ into a dual photon γ. This theory is sometimes written as a quiver with a
circular node labeled by 1 denoting the gauge group U(1) and a square node labeled by
N denoting the flavor group SU(N) (acting on the Xi and Yi). The complex and real
superpotentials are

ω = ϕ ~X · ~Y (4)

h = σ(| ~X|2 − |~Y |2) +
∑

mi(|Xi|2 − |Yi|2) + σt. (5)

When ~m = 0 we have

MH
∼= T ∗(CPN−1) (6)

and when ~m 6= 0 there are N vacua at the fixed points of a U(1) ⊂ SU(N) action. When
t < 0 these fixed points have coordinates

~X = (0, . . . , 0,
√
−t, 0, . . . , 0). (7)

The Higgs chiral ring is

C[M0
H ] = C[Xi, Yi]

U(1)/( ~X · ~Y = 0). (8)

For the Coulomb branch, when t = 0 we have

MC = R3 × S1. (9)

Quantum corrections shrink the γ fiber such that the hypermultiplet becomes massless
when ϕ = 0 and σ = −mi for some i. The resulting space looks like a sausage. The spectrum
of the Coulomb chiral ring C[MC ] looks like C2/ZN , and MC itself is a resolution of this,
but we can’t detect this by looking at functions.

Q: so just to clarify, quantum corrections means that you compute Spec of the chiral
ring, and it’s different from what you expected classically?
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A: yes.

(Some discussion about categories of boundary conditions for the Higgs and Coulomb
branches happens here that I didn’t catch.)

Q: I am told that one way to think about what’s happening here is that there are two
spaces with U(1)-actions whose fixed points can be matched up, so we can relate the two
spaces via equivariant localization. Is that what’s going on here?

A: I’ll answer that question tomorrow. This is part of what’s going on, but it’s more
complicated than that.

The Coulomb branches of 3d N = 4 theories are not hyperkähler quotients in general.
In some small family of nice cases there are pairs of gauge theories T, T ′ whose Higgs and
Coulomb branches are exchanged

(MH ,MC)↔ (M ′
C ,M

′
H). (10)

This is 3d mirror symmetry. It allows us to use the Higgs branch M ′
H , which is a

hyperkähler quotient, to compute things about MC .
Abelian theories have mirrors, and some small family of quiver gauge theories have mir-

rors.
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